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THEORETICAL SYMMETRIC SPAN LOADING
FOR WINGS HAVING ARBITRARY

AT SUBSONIC
PLAN FORM
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SUMMARY

A method is sbwn by which the symmetric qxzn loading jar
a certain class of ur”ngs can be tim.piy jound. The geomet~
of these w“ngs is limited only to the extent that they must hare

Wmmem aJmt the root chord, must hare a straight guarter-
chord line owr the .wmispan, and must hare no discontinuitie~
in tun”~. A procedure is dkown for finding the @?-curre dope,
p“tching moment, center of lift, and induced drag from the
span load distribution. A method of accounting for the e~ects
of Mach number and for changes in section lij%cv.me slope is
also giren.

Charts are presented which gire directly the characteristics
of many m“ngs. Other charts are presented which reduce the
problem of .fmding the symmetric loading on aU m“ngs faUing
m-thin th prescribed limik to the solution oj not more than four
m“mukkneous equations.

T7te loadings and wing charackwidics predicted by the
theory are compared to tho~e @“zenby other theories am? by
experiment. Ii is concluded that the results given by the subject
theory are satisfactory.

The theory is appltid to a number of whgs to erhibd the
e~ects of such wriableg as sweep, mpect ratio, taper, and
tw”st. The results are compared and conclusions drawn as to
the relatire efects of these mriables.

INTRODUCTION

!l%cory predicts and experiment has shown that the effects
of compressibility on ~ characteristics can be delayed and
diminished through the use of wing sweep and/or reduced
aspect ratio. E~eriment has also shown that if sufficient
wing sweep or reduction in aspect ratio is used to reduce
compressibility effects, then the characteristics of the wings
will be different from those of conventioru=d wings. The
importance of being able to predict the characteristics of
these heretofore unstudied plan forms in incompressible
flow is obvious. Arct only does it become possible to make
a systematic study of the eflects of major plan-form changes,
but also a base is suppfied from which the subcritical eftects
of compressibility can be predicted.

Lifting-line theory in the past has been so modified and
extended that the characteristics of wings having no sweep,
moderate to high aspect ratio, and any taper ratio can be
determined readily with good accuracy. For studies re-
quiring a higher degree of accuracy, lifting-surface theories
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have been used, but generally it has been found that the
additional complexity ‘of these methods has not sufficiently
improved the predictions to vvarrant common use.

Lifting-line theory, however, proved wholly inadequate
when used to predict the characteristics of wings having
appreciable angIee of sweep and for very Iow aspect ratio.
Lift@-surface theories, in contrast, made satisfactory pre-
dictions of the characteristics of these wings although the
extent of the computing labor involved prevented the under-
taking of any general study.

Continuing studies of the problem redted in the theory
first satisfactorily presented by ‘Weisainger (reference 1) for
the case of wings having a straight quarter-chord line across
the wing semiepan. It was found that this approach, which
c+n be considered a simplitled lifting-surface theory, enables
rapid and satisfactory predictions to be made of the incom-
pressibIe-fIow charact&st.ics of wings having swept and/or
low-aspect-ratio plan forms as well as those of more con-
ventional plan form. Further, it was found to be admirably
suited for the problem of undertaking a systematic study of
the eilects of plan form on wing characteristic. Develop-
ment of the method and procedures for its application to-
gether with the results of a-ppIying it to study the charac-
teristic of a series of wings have been presented in references
2, 3, and 4. It is the purpose of this report to combine and
e..tend the material cent ained in these three references.

NOTATION

number of span stations at which circulation and
dowmwash me found

an integer detig a spanwise station on the wing “
quarter-chord line for which the vaIue of circula-
tion is determined

an integer defining a specifm point within the wing
pIan form for which the boundary condition of
no flow through the wing is appIied

dimensionless lateraI coordinate measured per-
pendicular to the plane of symmetry, fraction of
Semispan

spantie Iocation of center of pressure
spmmtise Iocat.ion of center of pressure due to addi-

tional lift on the wing
trigonometric spanwise coordinate (cos-1 ~), radians

( -1%)
value of @at station n cos

593



594

a

a,
a,.

%0

e,

G*

an,
G*a
A,a

a”~

b

c

c,

c=#

M.A. C.

A

A

s
A

A5

cl

cr=

Cl.
CJ

a

c.

cLa

cm

cMo

c %

REPORT NO. 92 l—NATIONAL ADWSORY COMMI’M?EEFOR AERONAUTICS

wing ang~e of attack measured in a. plane parallei
to the plane of symmetry, degrees or radians

angle of attack at station V,degrees or radiana
angle of attack at station v for zero net lift on the

wing, degrees or radians
angle of attack of the wing-root section for zero net

lift on the wing, degrees or radians
angle of twist of the wing at station v measured

relative to the wing-root section (2;=’% 0- ~io),
degrees or radians

dimensionless circulation
()

& ~identical to the load

coefficient ~~ at spanwise station n

value of Q, for zero net lift on the wing
value of Gn due to additional lift on the w&g “.
coeilicient dependent on wing geometry and in-

dicating the intluenee of arbitrary loading at span
station n on the downwaeh angle at span station v

coefficient dependent on wing geometry and in-
dicating the influence of iymmettic loading at
span station n on the downwash angle at span
station v

span of the wing measured perpendicular to the
plane of symmetry, feet

locaI chord of the wing measured parallel to the
plane of eymmetry; feet

local chord through point v, feet

(7
average c~ord ~ , feet

. . r()1C%fq
mean aerodynamic chord ~

J

, feet
Cffq

-1

(
tip chord

taper ratio root c or
h d)

()
aspect ratio ~

wing area, square feet .
geometric sweep angle of the wing quarter-chord

line, positive when quarter-chord line is swept
aft of a line normal to the plane of symmetry,
degrees

(

tan A

)
compressible sweep parameter A6= tan-l —

B
1

()
section lift coefficient —

qc ,

section Hft-curve slope, per radian or per degree
section lift coefficient for zero net lift on the wing
section lift coefficient due to additional lift Ori the

wing

c)
ift

wing lift coefficient
$

lift-curve slope, per radian or per degree

pitching-moment coefficient
.(

moment-
)@M.~.C.

pitching-moment coefficient for zero net wing Iif t
on the wing

pitching-moment coefficient due to additional lift
on the wing

CD,

C.h

CD,=

a. c.

[

P
w

v

!2

!4

K

K,

H,”

d,

induced-drag coefficient
(

induced drag

fig )
induceddrag cmilicient due to basic loading (zero

net Ijft on the wing)
induced-drag coefficient due to acklitio~al loading

(net lift on the wing)
longitudinal position of aerodynamic center, mwN-

ured from the leading edge of the mean acro-
- dynamic, cho@,. in percent of the mean ttmQ-

dyn~ml’c chord “4”
circulation, square feet per second
absolute distance from a vortex to a downwash

point, measured perpendicular to the vortm, feet
density of air, slugs per cubic foot
induced velocity, perpendicular to the mean chord

line of the wing, positive for downwashj feet per
second

free-stream velocity, feet per ticond
—

_dynamie pressure, pounds per squar~ foot

compressibility parameter (li~~
Mach number -
ratio of the experimental section, lifL-curve slope Clm

to the theoretical value of $ both taken at the

same Mach number
value of Kat-spanwise station v

‘wing geometric parameter d($x%)
scale factor

METHOD

THEORYANDLIMITATIONS

A detatied mathematical development of the method is
given in the appendLx to this report. However, as a pm-
limit-my to the discussion of f~e use of the method t-ml the
results obtained from it, an outline of the” theory and its
application is given here.

The wing is replaced by a plate of zero thickncas but having
a plan form and twist identical to t~at of the wing. IL is
assumed that the chordwise distribution of loading ou the
plate can be concentrated into a lifting Iino lying along the
qumter-chord line of the wing. The method as developid
here requires that the lifting line and, htice, the q~iartlr-
chord line of the wing in question, be a s,traigh~ line over
each semispan. At the plane of symmetry the method
allows an angular discontinuity. of the quarter-chord lin~ to
exist which therefore enables consideration of any degree of
wing s~ep.l The boundary condition which fjxea the s.pRn-
wiae variation of the circulation is that the slope induced in
the flow field by the downwash normal to the plate due to
the lifting line and its trailing vortex sheet shall be equal to
the slope of the plate. with respect to the free strcarp at
specitied points (cent ml points) within the wing bou mlary,
or, in effect, that no flow shall occur through LIWplatg at
the c.cmtrol points. On the basis of two-dimensional. tl~cory,
the chordw~e location of these control points is chosen to

1It.ehouldbe noted that thk e.pec!flesthat the angleof sweepIstakcriwith reqwct to the
quarter-chordlhm In this reportIt w!IIbe uoderatoodthat stieep angk rckre to sweepO(
the quarter-chordline.
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be at the three-quarter-chord line.2 Aa will be shown later,
this implicitly speciflea that for each section the lift coefficient
increases at. the theoretical two-dimensional rate of 2r per
radian change in true angle of attack of the section. The
spanwise locations of the cont~l points” are chosen for
reasons of mathematical expediency alone since only at
certain fractions of the wing fipan is it convenient to
solve the integral expressiona for the total downwash.

The method treats the lifting line and its trailing vortex
sheet as being continuous. However, explicit values for the
circulation strength are found only for three spantie points
on the quarter-chord” line which correspond to the spanwise
location of the control points. The total number of control
points m can be as great as desired. Comparison of the
loadings predicted where various values of m are used shows
that little change occurs where m is made greater than seven.
Further, comparison with experiment al results has shown
that as few as seven (one at midspan and six distributed
symmetrically about. this point) v,ill enable good predictions
to be made of the span loading of wings without aharp dis-
continuities in span loading as ~Ioc ki result from partial-
span flaps. All of the material presented in this report ia
based on the seven-point solution with the exception of the
appendix which ia not restricted.

Using the vortex pat tern substituted for the wing and
applying the boundary condition sIIows a set. of simuhne-
ous equationa to be formed, each of which involves (1) the

slope of the flow
()

~ ,(or angle of attack of the plate ‘ a,)

induced by the total “dowmvash at each control point. V, (2)

the’oadco~cien’(~.=%) of the lifting line at each span-

wise point n on the quarter-chord line, and (3) iduence
coefficients A,. which relate the influence of the circulation
at any point n to the dowmvssh at any point r and are a
function of wkg geometry only. The method shows that
for an arbitrary loading the equations have the following
form:

(;) =cs,=jiA,,uGn, iY=I,2, . . . m (1)
\r /, n-l

: It fsfmportnntfortht readerto reslfr.eherethata ehcdcehasbeenrnndebetrveeoamonk
of poeslblepmeedrrres.These pomlbllltks arks from the fad that tbe exa.3 locatkm,on a
tsperedwinG of conetont+ercmt-chordIbresdependsupon the orlerttrdfonof the reference
Me along wbfeh the chord Is messnrd The orkntetfca d the refmensellne fs nsrrslly
chosensuch that on afrfoflseetlouso defied will bare -odynsmic chomctdstim closely
rewmblfngthosekxrndtvxdnrensiorrally for the someseetfon. ~Is then enab!eeon eetl-
rroMonof theeffeetof changes h sectionebarocterfelkson overall wfng@uac@rMks. For
unsweptwings, therefs llttle remonto mrrsiderany Orientationof the retkenrehe otbw
thsn pamflelto the free-streamdlreetfon. However,whena w’fngIsswept, the questionof
orfentdon of the refLwemcechord rmmot h so easily rmmered. IrmrMcfentexperimental
&ta exfsts to determinethe most sstfsfoetoryMentatlo% and strong argumentscan he
presentedforat feinttwo orkntatkm%nsmely, parfdlelto the freeskeom ~d ~dicrrkw
to somesweptreferenceline. In theprerentOMlys!sthereferencechwd wss chosenm betng
parsl’kelto the fresstmsm since it greatlysfmpllk the mathematicalPmeedureend sfnee
amsfdemtti of the dMereneesexpectsdhornuse of the elternatechoke Indfestesthey will
besmalt.

i The readershordd note thatthe bonndery cordtion Leglvemhy w.. V, s!n u,, fmm

wfdeh (+)= is seenwmalto sln *. The eubstftutionof a. for sin UPhse tk effeetd
bmreosfngthe vslue of lradfng on the wing ahrm that neeeesaryto sstiefy the boundary
emrdition. Eowe~er. the brmndarymndttfan was fixed e.ssumhrgthat the shed vmtkes
movd downstreamhrthe extendedchord plene. A more realfsticpfctureIsobtatnedUthe
vortimssre a!!ed to move downstreamIna horfmntalpbmefromthe wfngtmflbrgedge.
[t cam& readflgseentbet, Uthfsocmrs, the normeleornponentof veloeityfndueedby the
hallsatthe three-qusrter+hordIfnek reducedsrr~ ff the txxrndmymndftfonfs to amtb.me
to be sstfetled,the strengthof the hound vmtexmust inmease. It followsthatsubstitution
of o forSfncu thentinsthe efleetof aeconntfngforthebend ap of the tolling vortlcm. It fs
not knownhowemet thecorrectionfs,but csletrhtlonsond experimentalv’erfflcatfonshow[t
of to be the mrrectorder.
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Each equation gives the downwash angle at the control
point r, the spanwise location of which is defined by

q=cos ;

vihere the downwash results from the circulation at m points
n on the wing the spanwise locations of which are. deilqed
dSO by

q=cos y

In the case of symmetiicslly loaded wings, each panel pro-
duces an identical equation-for the corr&ponding aemk-pan
point. Site only one of these identical equations. is of
value, the tot al series reduces t.o the equations correspond--
ing to the wing midpoint and one panel. For the seven-
point solution, equation (1) is therefore mitten

c+= ~$ (z,, Q,, ~=1,2,3,4 (2)

where a,. represents the influence coefficients for the sym-
metric seven-point solution. The set of four simultaneous
equations so formed can be easily solved to obtain the di-
tribution of total load (in terms of @ on any wing for which
the angle of attack at each spantie station, sweep, and
chord distribution are specified. The distribution of load
is specitied at onIy four spanwise stations, namely T= O.924,
0.707,0.383, and O (n=l, 2,3, and 4, respectively). VaIues
of loading at additional spanwise stations can be found by
means of the interpolation function given in the appendi~
(equation (A52)).

The aimplicit y of the procedure dependa to a large extent
on the fact mat the solution can be found in terms of the
coefllcients a,,. Even -where these must be computed for
each wing plan form the method offers computational ad-
vantages over other equally accurate methods. However,
because these a,m coefficients area function of geometry alone,
it is possible to relate them in a simple manner such that a
limited amount of computation -iviL1give the a,= coeftlcients
for alI plan forma to which the method is applicable. Details
of this procedure and the remdta of appIying it are discussed
in a later section of the report.

The method assumes that the flow follows the wing surface
and makes some allowance for the traiIing sheet aft of the
trailing edge becoming horizontals Hence, the method
should apply to higher angles of attack with considerable
accuracy, provided the flow remains along the wing surface.
The method assumes incompressible flow but it will be ShOYg-
how the eflects of compressibility can be included within the
limits of applicability of-,$he Prandtl-Glauert rule. The
method assumes the theoretical section lift-curve slope of
2r (or with account taken of compressibility, 2m/f?) but a pro-
cedure d be shown which accounts for the. variation in
section lift-curve slope from the tlworetictd value.

It is clear from the foregoing outline of the theory that the
method can account for variations in those geometrical char-

: Seefootnote5.
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acteriatics of wings, namely plan form and twist, which have
the greatest. influence on the spanwise distribution of Iift.
With the exception of variations in Ck the method cannot
directly account for any effects dependent upon the geometry
of the airfoil section even though these may affect the span
loading. The substitution of uniformIy cambered sections
for uncambored sections across a wing span is awurn@d to
change only the wing angle for zero lift and this change is
assumed equal to that shown by the section. The substi-
tution of variable camber is assumed equi~alent to twisting
uncambered sections,

PROCEDUREFORDETERMINATIONOF AERODYNAMIC CHARACTERISTICS
FROM SPAN LOADING

The foregoing section has shown a method by which the
symmetric span load distribution of any wing having a
straight quarter-chord line over the semispan can be deter-
mined from a knowledge of wing geometry only. With
such loading determined it becomes possible to quickIy find
other characteristics. It should be noted, however, that
these characteristics are derived directly from the wing load
distribution and that no further aerodynamic theory is in-
volved.

It- is posaible to find the gross load distribution and re-
suhant characteristics directly for a wing at any angle of
attack and having any pkm form and twist, Past experience,
however, has shown that gross characteristics can better be
studied if the basic and additional type loadings are handled
separately, Since the two types of loading are additive,
this procedure is permissible.

Basic loding is that existing with zero net lift on the wing
and is, therefore, due to twist or effective twist 4 (e. g., spa.n-
wise change in camber) of the wing-chord plane. The basic
loading and characteristic-a dependent on it are unchanged by
tho addition of load due to uniform spanwise wing angle-
of-attack change and are equal at all angles of attack ta that
found for zero net lift on the wing.

Additional loading is that due to equal geometric angle-of-
attack change at each section of the wing. The distribution
of additional load is a function only of wing plan form and is
thus independent of any basic load due to twist existing on
the wing. The magnitude of the additionrd load is a function
only of angle of attack of the wing and thus each equal
increment of angle of attack will give the same increase and
distribution of additional load irrespective of the gross load
on the wing. The wing characteristics due to additiomd
load of any given phm form are thus a function of the lift
coefficient or angle of attack of the wing.

In the following sections the procedure for determining
basic-type span Ioad distribution and the characteristics
associated with it (denoted by a subscript O) is fit presented
and then the procedure for finding additional-type span load
distribution and the associated characteristics (denoted by a
subscript a). Finally, it is shown how characteristics due
to gross load distribution (denoted by absence of a subscript)
can be found.

~HereafterreferencewIUbe madeto twletonly, The tier will onderetid thateflsetlve
twkt will be hendledin en identicalmenner.

PBOCEDUREFOBDETERMINATIONOFAERODYNAMIC CHARACTERISTICS
DUETOBASICLOADING

Span load distribution and angle of zero lift for arbitrary
twist. —It is not-possible to obtain the distribution of basic
load on a twisted wing directly from equation (2) since the
values of a, for each station are not generally known for the
condition of zero net lift and thus, as written, eight unknown
valuea appear. However, only one unknowm has actually
been added to the four unknowns (the individual loads of
equation (2)) since, while four values of a, appear, they am
related to one another through knowlege of_the twist dist ri-
bution. To form the fifth equation required for the solution
in addition to the four represented by equation (2), use is
made of equation (A4t3) of the appendix which gives tlw
total lift in terms of the four individual loads. Thus

(0 ,

13quating this to zero (basic loading) and with equation (2),
a set of five simultaneous equations is formed, the solution of
which ti give the values of loading at the spanwisc points
and the. angle of zero lift of the reference station. Thus

Solution of the five equations will give vducs of the angle of
zero Iif t of the reference section and the four individual loads.
The angle of attack of sections other than the reference sec-
tion is determined from the twist.

Some simplification of this process can be made, howevw.
When equated to zero lift, equation (A46) involves only the
four individual loads, and it is therefore possiblc to express
one load in terms of the other three. Elimination of one
unlmown in the remaining equations enables a solution to
be made for the angle of zero lift and three individual loads
from a set of four .simultaneous equations. Finally, since
the individual section angles for zero lift are eacl~ expressed
as the sum of the reference angle and a twist angle (which is
zero for the reference station), one equation and one un-
known (the reference angle) can be eliminated by subtracting
one equation from the remaining three. Values can then h?
found for the three loads from solution of only three simul-
taneous equations, with the angIe of zero lift for the refer-
ence chord and the value of the fourth load found from tlw
previously eliminated equations.

The exact form of the equations depends on the section
chosen as a reference. If, as is customary, the root is talwn
as a reference, then

ayo=q+e? = are+ 6, (5)

where e,. & the angle of twist at station v with respect. to
stat ion 4, and the set of cquat ions required for the solution
take the following form. The three simuhmcous equations
giving the three outboard loads are
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~1=[all-ail-0.765 (ali-a.~]@lO+[alZ-au-l .414(ali-aJ]GzOi- [ala-aU-l.8W(a14 -aJ]GSO

c2=[azl—all— O.765 (a2A—a44)]G10+[a~~—al~—1.414 (a2A—aJ lG*O+[a~—a~—l .848 (a~l—aid IGsO

I

(6)

~=[au-aa- 0.765 (asi—au) lGo+ [%-%—1 .414 (a~—dlG%+ [~~—a~—1.8Wb4-@.i)l~~o

The equation giving the root load is

G%=– (0.765 G,0+1.414G%+ 1.848Q3J (7)

The equation giving the angle of the root section for zero
lift is

a,O=~= (a~–0.765aJ G,,+ (ati-1.414ad Q%

+ (aM–1.848a~ G,, (8)

The dimensionless circulation Q= can be related to other
forms of loading coefficients by

“’J=W==GO.

Conversely, if the load at, each of the four span stations is
known for the case of zero wing lift, it becomes a simple
matter to solve equation (2) directly and determine the
required wing twist.

Induced drag.-With the values of loading found at the
four spanwise positions, the induced drag can be found from
the following equation which is derived in the appendix
In terms of the nondimensional circulation G,,

0.789G,J –G,0(0.733G,0+0 .845G%)] (9)

Through use of equation (4), the induced drag can be put
in terms of ordy three vahws of Q,. Thus

CD%=TA [0.668G’~+67~%+ 2.082 G’aO+ (0.215G10+

1.442GaJ 6$+ 1.061 G#7sJ (9a)

Pitching moment.—It is quite evident that., as a w-@ is.
swept, the distribution of span load will increasingly affect
the wing pitching moment where this is measured about an
a.sis normal to the plane of symmetry. ~orrespondingly, as
the wing is s-wept, any changes in the chord load distribution
exert relatively less effect on wing pit&ing moments. Fur-
ther, since the possible distortion of a chord loading from the
conventional is not great, the span load distribution begins
to control the wing pitching moments even at smalI angk
of sweep. Since the subject method gives, as will be shown,
good predictions of span Ioad distribution, then it is safe to
assume that good estimations of pitching moments should
be possible.

The moment produced by basic-type load distribution is
in the form of a pure couple since zero net load exists on the
wing. It foIIows immediately that the magnitude and sign
of the moment me independent of the fore-and-aft location
of any reference axis normal to the plane of symmetry.
using the expre=ion for continuous loading (equation (.A17)

of the appendix) and summin g the moment- of each wing
element about an arbitrary asis, the value of the couple due
to the basic load distribution can be found. About an axis
normal to the plane of symmetry and in terms of dimen-
sionlem circulation this is

c~= –I&
tan A (0.138 G10+0.198G*O+0.135 Q30+

0.016G4J (lo)

If equation (4) is again used to eliminate Q%, equation (10)
becomes

O..= –h& tan A(0.126Gk+ 0.175 G,0+0.106G,J
. . .

(lOa)

FELOCZDUREFORDET.EF&MINATIONOFAERODYNAMICCHARACTERISTICS
DUETOADDITIONALLOADING

Span load distribution and lift-curve slope.-since the
additional loading distribution for wings of a given plan
form is the same, regardless of twist or camber, it is necessary
to consider only the case of the flat tig. Further, since
the magnitude of the additional load varies directly viith
angle of attack, it is only necessary to consider unit angle-
of-attack changes as all other loadings will be directly pro-
portional to this. Thus, to fmd the additional load distri-
bution, equation (2) is written in the following form

1=~ a,n% v=1,2,3,4 (11)
S= I a

Solution of the set of four simultaneous equations gives the
G

values of circulation per radian ~ at the four spanwise

stations ?=0.924, 0.707, 0.383, and O.

Substitutions of the values of ~ in the expression for lift

coefficient gires the wing lift coefficient for one radian
change in angle of atbck, or in effect, lift-curve slope.
Thus, with equat~on (3)

(12)

The dimensionless circulation per radian ‘~ can be es-

pressed in the more usual Ioading-ooeficient form through
the relations

Induced drag,-The induced drag due to additional load-

ing can be computed at any lift coefficient exactly as was
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the induced drag due to basic Ioading. JTaluee of loading
at the four spanwise points are found for the particular
value of CL and substituted in the appropriate form of equa-
tion (9). If the more usuaI expression for induced drag m

a function of CL is desired, then values of ~ are substituted

in the following expression which Mere only algebraically
from equation (9):

(13)

Spsnwise center of pressure.-Substitution of the values
for individual loads in equation (A17) of the appendix gives
an expression for the continuous distribution of additional
load. Integration of the increments of bending moment
about an &xis lying in the plane of symmetry will give total
root bending moment. Then, with knowledge of the total
load, an expression giving the spanwise location of the center
of load (on the quarter-chord line) can be found. In terms
of the values of the dimensionless circulation, this expression
is (from reference 5)

0.352 ~+o.503 ~+o.344 ~+Q.041 ~
.-. -z ?----

~C. Q.==” G G
“~4)

0.3.83 :+0.707 :+0.92 +o.5oo_~ -“””-”

Either of the two loading coefficients can be used directly
G

in place of the values of ~“

Pitching xnoment,-The value of the pitching moment due
to additional-type load can be found exactly as waa that due
to basic load. However, account-must be taken of the fact
that the value of tie moment is directly dependent on both
the position of the reference axis and the amount of addi-
tional load. llie can be accomplished directly by using
the results of the previous section which gave the spanwise
position of the cent-w of pressure. Since the center of pres-
sure is placed by the method on the wing quarter-chord line,
it is simply a matter of geometry to locate the longitudinal
position of the center of pressure with respect to any reference

c
axis. The value of the moment-curve sIope & is hen

simply the difference between the longitudinal position of this
reference axis and the longitudinal position of the center of
pressure expressed as a fraction of the mean aerodynamic
chord.

PROCEDUREFORDETERMINA’rloNoF AERODyNAMICmARACTERMTICS
DUETOGROSSLOADING

Gross loading must be considered when a t~ted wing is
carrying other than zero net lift. Since the load dietr.ibu-
tion is the sum of a consttmt and a variable, its shape varies

with lift coeilicient and thus the resulting characteristics
must generally be determined at each lift coefficient. For
the most part, excepting possibly the ticct on the character
of wing stall, the effects of twist on aerodynamic chmactcr-
istics are of minor importance compared M the efTMts of
sweep, aspect ratio, or taper ratio. However, where the
twist varies with load due to the chstic propcrtiea of the
wing, c.areful consideration must-be given the gross loading
if a true picture of the characteristics is to be obtained.

Span load distribution. -$hce” basic and additional load
are additive, the gross load distribution at a given C’Lis
simply the sum of the two. The magnitude of the total
load is equal to the value of the additional load. Thus, the
gross load coefficient is given by Gn=GnO+ Gfie.

It is sometimes of importance to determine the twist
required in a wing to have a given gross load distribution
at a particular lift coefficient. If this distribution is chosen
and the additional load distribution for the wing correspond-
ing to the particular lift coefficient is subt rackl from it,
then the necessary basic load distribution is dcfiucd. As
noted previously, the twist required is readily dctwmined.
For whigs having pronounced sweep or very low aspecL

ratio, tic twist required to give load distribution approaching
the desired elliptical may become great even where tho
distribution is desired at a Jift coefficient of only 0.2 or 0.3.

lift-curve slope.— If the twist is constant, the lifbcurvc
eIope for the wing is that found for the untwisted wing.
However, if the twist varies with load, then the lift. cocfflcimt
must be .determincd for each angle of attack in order to find
the lift-curve slope. The required values of the lifL coeffi-
cient can be determined from equation (3) once tho vahme
of (7. are known for each angle of attack.

Induced drag. —Total induced drag can be found by
substituting the values of total loading coefficient in equa-
tion (9). It is, of course, impossible b-make d~j a function
of CL when twist is present since CDi is & fUnCtlO1l of load
distribution and this varies with each lift coefficient. (B70te:
C., # cD~+cD;.) ..... ..

Pitching moment,—The gross pitching moment is found by
adding clirdctly the pitching moment due to basic lifL to the
pitching moment due to additional lift. This gross- clim-
acterktic must be carefully examined if twist is a function of
total load or dynamic pressure. In these “c&.cs a neit Lwist
and the pitching moment due to basic lift must bc found for
each flight condition. It is possible the resulbmt changing
value of basic load moment can be of sufficient magnitude
to seriously affect the stability of an airplane,

CORRECTIONFORSECTIONLIFT-CURVESLOPE

The development of the basic theory involves the wwump-
tion “that each section on the wing maintains a lift-curve
slope of 2~. This is implicit in the choice of the threc-
quarter-chord line as the location for the control points. It
may be dcsirehle at times, however, to consider the cffccts
of deviation in lift-curve slopQ from the Lhcorct.ical value of
%. HoWihis can be done by moving the control point from
the three-quarter-chord line is shown in the following
discussion,
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The logic underling the choice of the tbreequarter-chord
tine as a location for the contrci points can be shown as
foIIows. The velocity w induced at any distance h from an
infinite vortex of strength I’ can be expressed as

r
“m

The circulation is in turn related to the section lif t coefficient
c ~of a section through the expression

From these two expressions it can be found that

“=’”(f)(:)

It can be seen that the term ~ indicates a change in the

direction of flow with respect tu the fre+etream direction,
which change decreases with distance from the lifting line.
If the lifting line is msumcd to be repla@g a plate insofar
as Iift is concerned, then simplified lifting-surface theory
requires that, at some distance from the lifting line, the
direction of flow must be paraIIel to the plate. In &ect,
then, the induced downvmsh angle becomes equal to the
angle of attack of the plate. It remains to determine how
far aft of the lifting line the downwash angle must be meas-
ured in order to properly relate the increase in circulation
b the change in angle of attack of the plate. From the
foregoing expressions and assuming small angles, the follow-
ing relation can be written:

NOTV, if a section lift-curve slope of 2U is assumed, it is

()
evident that ~ must equal ~ or that h is equal to ~ c, thus

fixing the point where no flow- occurs through the plate at

~ c aft of the lifting line or on the three-quarter-chord line.

It follows directly that, if a lift-curve sIope is less than
2r, then the control point should move forward of the three-
quarter-chord line, and if greater, aft. Thus, adjustment
can be made for changes in section lift-curve elope at each
of the four control stations. The procedure for doing this
will be shown in the application of the method. It is not
clear just how well this procedure will account for changes
in section lift-curve slope resulting from separation of flow.
Therefore, some caution should be used in interpreting
results obtained from t-his method where large changes in
lift-cme slope from the theoretical are involved.

In using this lift-curve-slope correction, it must be real-
ized that an attempt is being made to impose considerations
of section characteristics on a theory which cannot rigor-
onaly allow such considerations. The question of the ap-
plicability of the correction becomes of particular import-
ance where the wing has large vahws of sweep of the quarter-
chord line. As the subject theory is developed, the sec-
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tions containing the control point and the point at which
load is determined lie in a line parallel to the free-stream
direction. Thus any considerations of section character-
istics can be applied only to sections lying aIong these lines.
However, simple sweep theory indicates that it is more
correct to make the controlling airfoil section that one lying
along a line “hormal to the wing quarter-chord line. These
two sections are quite ditlerent, of course, if sweep is present.
If no taper is present, their thickness distributions are the
same, but their thickness ratios vary by the cosine of the
angle of sweep. If taper is present, both thickness dist.ribu-
t.ion and thic.knes ratio vary.

Study of the problem has so far indicated that neither the
approach of simple sweep theory nor of the subject theory
is correct insofar as choosing the controlling airfoil section,
but rather that the controlling section lies somewhere be-
tween these two limits and varies with span position. In
view of this, therefore, it should not be ex-pccted that true
account can be taken of changes in airfoil-section character-
istics. However, it is believed that use of the procedure
proposed herein will indicate the trend of the changes in
over-all m-rig characteristics to be ecpected from changes in
section characteristics. ~ntiI such time as more detailed
analytic and experiment d studies of the problem are com-
pleted, it is recommended that the results of applying this
correction be considered hugely qualitative.

ZFFECTSOFCOMPRESSIBILITY

~he Prandtl-Glauert rule, which accounts for the effects
of compressibility, is directly applicable to the subject
simplified lifting-surface theory. The approximations and
Iimitationa of the Prandtl-Glauert rde are well known and,
hence, no discussion of them is given herein. However, for
convenient reference, the basis for correcting the predicted
span loadings and the theoretical relation of these correc-
tions to the simplified lifting-surface theory is presented.6

The Prandtl-Ghmert rule simply states that, as the Jfach
number is increased, the span load distribution of a wing
distorts as though the z dimensions of the wing were iu-

PO Thus, the effects of hlach numbercreasing as the ratio of ~

on a given vring can readiIy be considered by finding the
span loading at zero Jlach number bf a properly distorted
wing. It can be seen that increasing the z dimensions of t~g..
wing results in increasing the angle of sweep and inc~asing
each local chord (or, in effect, a decrease in aspect ratio)
vdiIe leaving the span and taper unaffected. Thus

The foregoing is applicable to any type of span-loading
theory. The distorted wing is considered for the Nfach
number in question and the span load distribution found.
This load distribution is then considered as being carried
by the undistorted wing in order to fid those characteristics
dependent on span loading.

JFor the Umltlng w of Ikch numk equal to I, the reader fsreferred to NACA TN I&M,

WLfnearized CompressfMe-FIowThemY for ScorlcFIfzM Speeds,” by Mar. A. Heeslet,
IIrwvarlLomax,and John R. Sprefter.
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In the cam of the subject span-loading theory, the compressi-
bility correction can be considered in another way. As before,
the ang~e of sweep is effectively increased by increasing Ivfach
number. However, the increase in 10CSJ chord in the

ratio -
:

can be regarded as an increase in the distance between

the lifting vortex and the control point on the undistorted
wing. From the previous section it wdl be recaIIed this
corresponds to an increase in section lift-curve slope—in this

~“ Thus, the theoretical sectioncase exactly in the ratio of ~

lift-curve slope, where compressible eflects are included and
the control point is held at the three-quarter-chord point,

2U
implicity becomes —S

P
Any corrections for section lift-

curve-slope change thus become based on the deviations of
the experimental section Iift-curve slope at a given Mach

2X
number from the value of — at the same Mach number.

P
It can be seen that this incrmse in Ch is exactly equivrdent
in effect to the decrease in aspect ratio. It is obvious from
this that two techniques can ba used in applying the com-
pressibility correction to the simplified lifting-surface theory.
Either the wing. geometry can be appropriately altered or
the disposition of the original layout of the lifting vortex
and control pointa can bc altered. The choice of procedure
is governed entirely by the relative simplicity in handling
the computations. As will be shown under the foIIowing
sections on the application of the method, both are used,
the choice depending on the type of loading and wing being
considered.

APPLICATION OF MET130D

LOADINGCHARkCTERtSTICSFORARBITRARYWINGS

In the foregoing sections, a method for predicting the span
loading on wings has been outlined and it has been shown
how other characteristics can be found from the span loading.
Further, it has been shown how corrections can be applied
to approximately account for deviations of the section lift-
curve slopes from the theoretical value of 2r and for the effects
of compressibility.

With the information thus far given, it is possible to predict
the sprm loading and resulting characteristics of an arbitrary
wing from a knowledge of the wing geometry onIy. Appli-
cation of the procedure, however, shows that the most t.ime-
consuming portion is that of computing the influence coeffi-
cients a,m, sixteen of which are required for the seven-point
method. Examination of the theory shows that, if the num-
ber of control stations is tied, the influence coefficients
become a function of the wing geometry only, that is, sweep
and chord distribution. It becomes immediately apparent
that, if” the number of control stations. is chosen, then the
corresponding influence coefficients can be presented in
graphical or tabular form as a function of wing geometry.
Thus, the greater part of the computing work associated
with the method can be eliminated, since the same coeffi-
cients are used to find any form of symmetric loading for a
given plan form.

Further simplifications, not so immediately evident., are

aIso possible. It can be shown (see appendix) that, if the
angle of sweep is f@d, all the infiue.nce coeflicienta become a

function of ~ alone. Thus, if a complete set of coefficients

for one taper’ratio is determined throughout the aspect-ratio
range, the coefEcients for all other plan forms having the
same sweep can be reIated to these coe.tlicients by redating

the values of $ of the wing in question to those for which the

coefficients were determined. l?urthcr consideration SLOWS
that the effect of section lift-curve-slope deviation from the
theoretical values can also be accounted for by a change in

the value of ~ in the ratio of experimental to theoretical

section lift-curve slopes. Finally, if the compressible-sweep

( )
parameter AB= tan-’ ‘~A is used rather than the geo-

metric sweep angle and the value of ~ is adjusted by the

factor fJ,”then the ..eflective plan-form change due to com-
pressibility is accounted for.

To simplify the use of the method, therefore, the influence
coefficients for symmetric loading a,m for the seven-point.
method have been computed and are presented in table I
and figure 1 as functions of the compressible sweep parameter
A8 and th parameter ~,. For most wings the values of the
coefficient a,. can be obtained directly from figure 1. How-
ever, for certain wings of extreme plan forms th(’ values of
H, will be such that the values of a,. will lie off the charts.
Where linear extrapolation of the curves is not acceptable,
table I provides sticient values of a,, to enabIe extension
of the curves. Adequate accuracy of the find results will
be obtaimd if the value of a,. is read to two decind places.

The parameter H, is defined as follows:

. ~=d 1 b
? ‘ K, l#fi

where
d, scale factor which is given on e~ch chart

K, ‘, the ratio of the twodimentioual OXpe.riMenta~lift-
2r/fJ

curve slope for the airfoil section at station u LOthe theo-
retical value, both for the hIach number under rou-
sidcration

~~

ratio of wing span tu the chord of the wing at the span-

wise station corresponding to the control point v

The application of the method to the case of the arbitrary .
wing plan forms can be outlined as folIows:

1. Compute the value of H, at each spanwise station v
and the value of A~, both for the hIach number in qumtion.
(Note that the effects of section lift-curve-slope clwmge and
of Mach number are completely accounted for within the
limits of the method by these parameters, and the predicted
results will include these effects.)

2. From iigure 1 or table I and with the vaIue of H,, find
the values of each of the 16 a,m coefficients.

3. Insert. the values of a,n in equation (6) for basic load- -
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ing or equation (I 1) for additional loading and solve the

simultaneous equationss for the values of G% or !!%
a

4. With the vahms of G,Oor% known, other wing char-
a

acteristics can be found by substituting these values in the
appropriate equation as indicated by the folIowing table:

Basic loading Additional loading

CD, Equation (9)------- Equation (9).

(7D,/(?J ‘------------------ Equation (13).

%.p. ------------------ Equation (14).
cm Equation( 10)______ -_-------_--.-

ADDITIONAL LOADING CH.4RACTESISTIC19OFS’PSMGHT-TAPEBED
WINGS

The previous section has shown how to apply the method
to determine aerodynamic characteristics of an arbitrary
wing. For the more common case of straighktapered wings,
it is possible to prepare charts giwing wing aerod~amic
eharacteristim due to additional loading directly as a func-
tion of wing sweep, aspect ratio, and taper ratio.

The method has, therefore, been used to fid the additional
span loading and some of the wing characteristics for a seria
of wings of varying plan fongs and having constant section
lift-curve slope across the span. Some 200 wings (the range
of phm forms, but not the total number of wings is shown in
fig. 2) w-era included in the study, the rmults of which are
prwented in figures 3 to 6. Each of these figures is a chart
giving the variation of a particular wing characteristic with
wing sweep and aspect ratio for five VSIUCSof taper ratio.
Figure 3 gives the value of the local loading coefficient at
each of the four spanwise stations. Figure 4 gives the
value of wing lift-curve elope. Figure 5 gives the spanwise
location of the center of pressure. Figure 6 gives the c.hord-
wiae location of the center of pressure or the aerodpamic
center 7 measured from the leading edge of the mean aero-
dynamic chord.

To find the desired characteristic for a given wing, the
chart for the proper taper ratio is entered with the com-

(
tan A

pressible sweep parametcx AP=tan-l ~
)

J and “the de-

sired value read from the &rve-cr interp”olated-for the

‘A Thus, it isproper -due of the aspect-ratio parameter ~“

possible to find, with no computation, many of the charac-
teristic for untwisted wings. It should be remembered
that, since basic and additional loading are considered
independent-, these characteristics not o~y represent the
gross characteristics of untwisted wings, but also the addi-
tional Ioading characteristics of twisted wings. They are
thus applicable, to some extent, to all wings having straight-
taper and constant section lift-curve slope across the span,

-.. .

~Espsr[eneohasshownthatthemethodgfmn fnreferenw6fbrthesahrtfonof a setofdmul-
tsnmu9equatfon9f9most satfsfaoh-y.
~For the case of the skrdght.taperedwing, th!s chordwfseIoeatfonof the aerodynanrfs

rentermn kmsknplyexpressedIntermsof thegeometryof thewfngand theeprrwleekxatfon
of ths centerof pr~. Thm

~(I+V
a“c’ ‘:+aj r -—1

1+~ A tan A
‘O”’”. 8(1++)
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TABLE L-SYMMETRIC INFLUEhTCE COEFFICIENTS, a...
WHICH LEAD OFF’ THE CHARTS OF FIGtJRE I . “-

1
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I
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–8.3$ –Z64 –L!23 -.-— ---.— -------- . . . . .

---- ---- –267 ----------------- --

------------- -.:++---

.-—
4.64
6.M

221 4.91
6.66

a. 01
7.79 I It-3

10.G .-.--_-

,,.-:::,,-.:,,, Z25-
7~ -.

i

5.71 -------- .--—— ._
6.02 ------- .—

) ------- -.----- 6.16 7.67 . . ----- .---—. -------
---- &all . ..-.–. . . ------ ------ -----

a4

: ‘ ‘F + “ ‘- --:-1+

1.0 ------------------- -------------- ----–- -.--–- ---–– .-.--— -s.31
I!a ------ —-—--------------------- ------- --

i69 ------ ------ -----– z-z ::::::: :1::1 –467 --------
2.4 .-?–?. 2.M ------- -–.–- --–-– ------ -------- -----– -6. s -------
$?.8 ------- ------- L08 -------------- ------ --------------- -5.89 --------
&a ------- ------ L 21 ------------ ------- -------- ------- ---—– .--—-

DISCUSSION

COMPARISON WITH o~~ THEORY AND R’ITH EXPES.IMENT

The extent to which the method can be evaluated varies
widely with the particular characteristic in question. In
general, the accmcy of predictu the characteristics asso-
ciated with batic loading can be evaluated in only a limited
manner, since few swept or Iow-aspect-ratio wings having
appreciable twist or camber have been experiment alIy or
theoretically studied. On the other hand, many wing plan
forms have been studied and from those results it is possible
to assess fairly welI the accuracy of the method with regard
to additional load@.

Basic Ioading,-l%e prediction of the effect of twist and/or
camber on load distribution can be evaluated to a degree
by comparison with other theories. Such a comparison is
given in figure 7 wherein the predicted loading given by the
subject method is compared with those given by the method

905s8s-81-39
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developed by V. M. Fdkner and that of reference 7. It may
be assumed that the Fallmer method is the most accurate of
the three since it approaches a true lifting-surface theo~.
From the comparisons shown in figure 7, it would appear
the subject theory is nearly as good M. the more complex
theory and considerably better than the lifting-line thgog
of reference 7, .It must be. recognized that twist introducw
large induction effects even on high-aspect-ratio win&i
Therefore, it follows that the deviations of the predictioti
of the subject theory and those of the theory of reference 7
from those of Falkner’s method are indicative of the ability
of the two methods LOaccount for the induction effects.

A check on the ability to predict C’~Oand a,. can be had

from comparison with the experimental results shown in
reference 7. Hem a wing having 30° of sweepback was
tested without twist (wing designated 24-30-0) and with
8.5° of twist (wing designated 2?–30–8.5), The force @@
show that the twist shifts the anglci of zero lift 2.6° while
the present theory gives a value of 3.3°. “The force tests
indicate that twist produces a. value of C& of 0.05 which

is the samo as that predicted by the theory.
A further comparison of experiment and the present

theory can be made using res@ of pressure-distribution
tests of a wing having 60.8° of swwepback. The geometrical
characteristics of the wing together with the experimental
rmdts and theoretical predictions are” shown” m“ fig~e 8,
The comparisons are made for zero lift where only b~ic
loading exists, It can be seen that the agreement is good
even for this unconveutionsl plan form.

On the basis of the foregoing compariso~, it geems justifi-
able to conclude that the subject method can adequately
predict the effects of twist and/or camber on the character-
istics of wings of arbitary plan form.

Additional loading. -Much experimental data and several
theories are available for comparison with the subject tlmory
in regard to the prediction of additional-type lift. Figure
9 shows a comparison of the prcdictad loadings and those
obtained experimentally for six wings varying in sweep,
aspect ratio, and taper ratio, F~re 10 compares the
variation of lift-curve slope with aspect ratio as predicted
by the subject theory, by two more rigorous theories (refer-
ences 8 and 9), and by a theoly directed at the limiting C*G
of zero a9pect ratio (reference 10). .~igure 11 compare
experimental and theoretically predicted lift-curve slopes
(assuming a section lift-curve. slope of 2r per radian) for
two families of plan forms covering a !Vide range of aspect
ratios (references 11 and 12). The mmparison between
experimental (ref erence.s 12 and 13) and predicted resul~
for a random group of wing plan forms is shown iu figure
12 for lift-curve slope and figure J3 for aerodynamic-center
location. All experimental values of CL=and aerodynamic-

center location were measured at zero lift. It is evident
that in almost every case the method gives an excellent”
prediction.

From all of this comparative material it seems possible to
safely draw the conclusion that the subject method can
satisfactorily predict the additional-type spt-m loading on
wings of arbitrary plan form. Further, it seems possil.h
that equally good predictions can he made of those charac-
teristics primarily dependent upon such span loading.

EPFECTOFPLAN-FORMVARIATIONONTHEBASIC-LOADING
CHARACTERISTICS

!l?o study the effects of plan-form variation on the bwic-
loading character&ics of. linearly twisted, sLraight-
tapered Wings, the characteristics of a represent.atiwi grciup
of tiings (see shaded wings, fig. 2) having unit w’ashouL g
have been computed and are presented in figures 14 to 19.
The Mad number was taken as zero and tho section lift-
curve slope as %. The basic-loading charact&sLics con-

sidered are the loading coefficient g (figs. 14 to 17), the!

pitching-moment coefficient due to twist ~>. (fig. 18), and

the angle of attack of. the root section for zero..nct lift ~~..

(fig. 19).
Magnitude and spanwise distribution of load,—~xaminti-

tion of figures 14 to 17 reveals that lhe aspect ratio infhwncw
only the magnitude of the load and is in fact @ prcdominat.o
influence.on the magnitude of the load. Rcduc&m” in as-
pect ratio from 6.0 to 3,5 and 1.5 rcmdt in approximately -
35-percent and 70-percent reductions, rcspcctivcly, in load
due to twist for either the unswept or 45° swept-buck win~-
(fig. 15). ,.=

Sweep, either forward or back, tcuds to rcducc the magni-
tude of loading, although appreciable reductions arc produced
only by sweep angles greater than 45° (fig. 14). Sweep also
affects the load distribution such thaL the load on thu outer
section of.the wing is shifted inboard by swccpforward ancl
toward the tip by mveepback; as will be seen, this is similar
to the effect of sweep on the adclitional-t,ype lowikg. Since
an increase in aspect ratio magnifies the ]oa{hg, iL also mng-
nifies the effects of sweep on the Ioacling m is shown in
figure 14.

As shu~~n in figur~ 16 and 17, variation in taper ratio h~s
little effect on the magnitude of basic loading; and variatiom
in taper ratio, for taper ratios larger than 0.5, have littIe
effect on the load distribution. However, for t apm rRt.ios
less than 0.5, the loacling on ~he outer section of the wing
shifts inboard. These effects of taper ratio on loading arc
ma.afied by increases in aspect ratio.

Pitohing moment, —That the pitching moment duo to
twist is primarily a function of sweep and aspect ratio is
shown in figure 18. The magnitude of the pih’hing moIncnL
increases as either aspect ratio or sweep is imwcascd so that
pitching-moment. coefficients as large as 0.008, for 10 of twisl.,

IInt~ @@;1°was&IOSW W for any hWW momt Oft~kt the efbdd are DrOWtiOn*L
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exist on -wings having large aspect ratios and sweep angles.
!Jle effect of taper ratio is relatively small, the greatest
being evidenced at the smaII values of taper ratio. For
emmple, reducing the taper ratio from 0.5 to O reduces the
pitching moment due to t-ivist about 30 percent.

Although the effects of plan form onAngle of zero lift,—
the angle of zero lift a,O may not be very important, some of

the trends indicated in iigure 19 are of interest. For the
range of plan forms represented in figure 19, the angle of
zero lift varied ordy about 20 percent from the mean vrdue.
This is small compared to the effects of plan form on the
magnitude and distribution of loading and on the pitching
moment. In contrast to the small effect of taper noted
previously, taper ratio appeam to be the predominant influ-
ence on a,O particularly at large aspect ratios and large
sweepback. The effect of aspect ratio and s-weep are sec-
ondary but not negligible.

EFFECTOFPIM~-FOR%l~ARIATlONONTHEMIDITIONALLO~DIN~
CHARACTERISTICS

Span load distribution,-To show directly the effects of
wing plan form on the additional span loading, figure 20
has been prepared by cross-plotting the data of figure 3.
It shows that increasing the angle of svreepback or the taper

( )
ratio serves to move the loading as defined by& ou~

bored.

It can be noted in figure 5 that the spamvise center of
pressure is independent of aspect ratio for certain combina-
tions of taper ratio and sweep angle. These values of taper
ratio are plot ted against sweep angle in figure 21. Further,
for the wing geometry represented by the curve of figure 21,
the loading is approximately independent of aspect ratio
(Q 3), and also is approximately elliptical. For elliptical
loading, the loading coefficient at the four spanwise stations
have the values 1.273, 1.176, 0.900, and 0.487. It can be
seen that these vahm compare closely with those given in
figure 3 for the plan forms specified in figure 21. The farther
the wing geometry departs from the conjuration represented
by the curve in figure 21, the greater the change of loading
with aspect ratio and the rate of distortion from an elliptical
load distribution. Also, examination of figure 3 W show
that elliptical loading cannot be maintained, when a wing is
swept, by altering aspect ratio alone; however, au vr@s
approach an elliptical loading as aspect ratio approaches zero.

The wings specified by the curve of figure 21 have the
property that their aerodpamic characteristics can be
expressed in a simple manner similar to the case of unswept
wings with elliptic pkm forms. NTamely, the induced drag

is given approximately by
CD, 1
~Z=~) spanwise center of.

pressure by ~c.p.= ~~-~and aerodpamio-center location with

respect to the mean aerodynamic chord by

From figure 4, it can be shown that the T&gs specified by
the curve of figure 21 give the mmimum lift-curve slope for

a ti~en aspect ratio ~d sweep ~gle. For ~ample~ see
figure 22 for the case of A=3.o.

In summary, the curve of @ure 21 defines wings having
the follow-ing approximate characteristics: span lo&di~
distribution independent of aspect ratio, minimum induced
drag, and maximum lift-curve slope for a given sweep and
aspect ratio, a constant spantise center of pressure, and an
aerodynamic-center location that is a simple fpnction of
wing geometry ody.

~t-curve sIdpe ,—Examination of figure A reveals certain
general trends with respect to the effect of wing plan form
on wing-lift-curve slope. For wings of high aspect ratio,
the angle of sweep has a marked effect on Iift-curve slope,
with the maximum effect occurring for -wings of in&ite
aspect ratio when the lift-curve slope is directly a function
of the angle of sweep. As the aspect ratio approaches very
low values, the lift-curve slope for the unswept wing is
greatly reduced and the effects of sweep become small except
for very large angles of sweep. Also, it can be seen that at
very large angles of sweep the effects of aspect-ratio varia-
$ion on lift-curve slope become sma~.

To better illustrate the separate effects of aspect ratio
and taper ratio, the data from figure 4 have been cross-”
plotted to show the -mriation with aspect ratio of the Lift-
curve slope for various values of taper ratio and sweep angle.
These results are shown in figure 23. ~his @re shows
clearly how increasing the angle of sweep decreases the varia-
tion of lift-curve slope with aspect ratio. It shows further
that whiIe taper ratio as compared to aspect ratio has onIy
a smaII effect on the Iift-curve slope of an unswept wing,
taper ratio has a predominant effect on the lift-curve slopes
of higldy swept wings of moderate to high aspect ratios.
For very small aspect ratios (i. e., ~< 1.5), however, the lift-
curve slopes of all the wings converge and become almost a
linear function of aspect ratio, being essentially independent
of the effects of svieep and taper (reference 10).

Aerodynamic center.—In figure 6, variations of aerod~a-
mic-center location from 15-percent mean aerodymmic
chord to 45-percent mean aerodynamic chord are indicated
for the range of plan forms studied. It -d be noted that,
for taper ratio X= O, the aerodynamic center moves aft for
sweepbaek and forward for evveepforward. At taper ratios
of 1.0 and 1.5 the aerodynamic center moves forward for
mveepbnck and aft for siveepforward. For A=O the effecti
of aspect ratio me largely conflnecl to the sweppback wings
and as taper ratio is increased the effect of aspect ratio
decreaaes for sviept-back wings and increases for swept-
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forward wings. Where the effeets of aspect ratio me signifi-
cant, an incrwwa in aspect ratio generally moves the aerod-
ynamic center aft.

CONCLUDING REMARKS

The sirhplified lifting-surface theory presented herein
enables the rapid, accurate prediction of symmetric span
load distribution for wings which have symmetry about the
root chord and a straight quarter-chord line over the semi-
span and which ean have arbitra~ chord distribution,
sweep, aspect ratio, and continuous. twist. ~odfimtions
b the method are shown by means of which approximate
account can be taken of changes in section lift-curve slope
and by means of which the effects of comprwibility as
predicted by the PrandtJ-Glauert I@ can be included.

With the charts presented in the report, the load distribu-
tion can be obtained directly for many wings and can lx
obtained with slight additional computation for all wings
falling within the limitations prescribed.

From the span loadings determined by t.ho method, iL is
shown how several important wing charactcristica can bc
determined. Comparison tvith cxpmimcntal results in-
dicates that the wing characteristics so obtained nro rclialdc
for a wide range of plaq forms,

A~Es AERONAUTICALLABORATORY,
NATIONALADVISOEYCOWITTEE FOR AERONAUTICS,

hIIO<FETTFIELD, CALIF., 19J7-19J8.
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The mathematical process of finding the loading distribu-
tion for wings evolves itseIf into two parts: first, the deter-
mination of the integral equation which relatw the downwash
at a given point to the integratti effects of the bound vortex
and trailii vortex sheet; and, second, the solution of the
integrtd equation to determine the unknown loading distri-
bution factor.

ADDITIONAL SYMBOIS USED IN THE APPENDIX

Fourier coefficients of the loading distribution series

mathematical seriw coefEcients

loading interpolation factors

mathematical series coticients

.

dowmvash influence coefficients

due pertaining to interpolated span station

(’=cos%)

}

downwash integrand functions

number of span stations taken to numerically
integrate the dowrrwash integmnd function

absolute distance from the downwash point to an
elemental vortex, feet

distance aIong the load vortex, feet
longitudinal coordinate, positive downstream, feet
longitudimd coordinate pertaining to the load

vortex, feet
kit eral coordinate, positive to the right, feet
lateral coordinate pertaining to the load vortex,

feet
induced angle in the wake of the wing, radians
dimensionless lat-erd coordinate pertaining to the.—.

(-)load vortex ~2

positive angles ‘kt\veen a vortex line and the lines
joining the ends of the vortex line and a down-
wash point, l’d.ianS

(integer pertain@ to span station p q=cos fi
)

A integer sequence of the Fourier series for loading
distribution, also pertaining to span station pl

(

jllr
~=cos m+l )

DETERMINATION OF THE DOWNWASH INTEGRAL EQUATION FORSWEPT
WINGS

Downwash induced by the trailing vortex sheet.—

eheet

X’ vCQ
Sketch “A”

The downwash due to the traihg sheet is, for an arbitrary
elemental trailing vortezc, given in several reference9 (e. g.,
see Glauert, reference 14). The dowmvash at a point in the
w plane is given by

@.=4~(KM I%+COS 8,) (Al)

where the induced velocity is positive for downwash, 61 and
62 are the inside angles between the trailing vortex Iine and
the lines from the ends of the trailing vortex line to the
downwash point, h is the perpendicular distance from the
dowmvash point to the trailing vorte~ line, and dI’ h. the
strength at a given span station of the trrding vortex. From
the foregoing sketch it em be seen that

x—x
Cos el= 4(X–Z)’+ (g+)’

cos &=1 (since 62=0 with the traihng vortex extended to
infinity)

and
z=~ tanA -

Substituting th= vaIues into equation (Al) and integrating
will give Ww due to trailing sheet equal to

605
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vortex,— -

Sketch “B”

The downwash generated by the swept load vortex is the
sum of the downwash generated from each semiepan. Along
the load vortex the circulation is continuously varying. The
downwaah at (x, y) due to the smalI element da (see accom-
panying sketch) is given by (e. g., see Glauert, reference 14)

dwm=z ----- (A3)

For a sw-epf.load vortex, for the right semispan

.“ vg=—
cos A

h=x cos A–y sin A

while for the left semispan

h=x COS A+y Sill A

and s, r, and ; are the same as for the right, semispan,
Substituting these value-s into equation (A3) and integrating
will give W.r due to load vortex equal to

J

10 (x cos A+y SiJl A)I’@)@” “+
,. ~ -w cos A [(z—1~1 tan A)*+ (y-D *]*fl
1

1
1

J

4/2 (x cos A–y sin A)~@)@
... ,

~ o cm A [(z–1~1 tan A)’+(y-~~3/i”
-- (A4)

,.

Total downwash.—The total dowmvash due. to tlw traili-
ng sheet and the load vortex is equal to the sum of equa-
tions (A2) and (A4), or

~*~=H:.H+4 ‘-’z”mA-“”-lr’@)d’+(z–@l tan A)’+ (y-~’

“1

J

(x-l-y tan A)I’(jj)dj
& ~b/2 [(z–ljl tan A)’+(y=+

.s

b/’a (x–y tan A)I’(j)dj
(A5)

4% o [(x–\V\ tan A)*+(y-m.,

The last two integrals of equation (A5) can be integrated
by pints and put in the form of the first integral. With

.()
“ 17 + ~ ~0, equation (A5) becomes

t~,,

~~=:{f:.A[l+” 3-’’”mA lr’@d’-W@: Iyl tan A)’+ (y–?)’

(A6)

Equation (A6) can be simplified algebraically and rcwrittcu
into the form

J’

10 (z+? tan A)’+ 6
@–@ r’@)dj+

..-

Tr -b/2 (z+y tfulA) (&m

(A7)

The three integrands of equation (A7) have an infinito
point at ~=y. The integrand in the second @ thhd inLc-
grak can be made continuous by sul.)tratting the function
r’ (m r’@
~ Equation (A7) remains bakmcd if ~_~ is aIso added

to the first integrand. As will bc seen present.ly, the first
integral, the integrand of whkh retains the infinite point, will
give a finite value after integration. Equatiou (A7) becomes
(adding the fourth term to thti second integral)

Eq~at.ion (A8) can give the clownwaeh at tiny poinL in [he
xy plane. From the discussion of the thcmry in the LCXL,tho
dowqwash must be found along the thrccquart w-chord Ii.KIc
of the wing. For a given span station tl~~ x coordinate of a
point on the three-quarter-chord line is givrm by

The nondimensional equation for downwash angk aA any
span station on the thrcequartcr-chorci linc can h obl.ained
by substituting this value of x into equation (A8] and by
using the following nondimensional rdations:
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The resulting equation is . .-,fi=fi[~] tan A

(f)?=:S-l=

1 G’~&j b/c “1
+x j.,~(%ma’mti

;
Q“& where the function L (q,m is given by,

for 7j<0,

I
Equation (A1O) is complete for positive and negative values
of the coordinate n. In the case of the unswept wing where
A equda zero, equation (A1O) simplifies considerably md

the function L(~,a is given by,

for –1<~<1,

MATHEMATICALSOLUTIONOFEQUA~oN(~)

Arbitrary load distribution.<he solution of the integral
equation (A9) to determine the unknown loading-distribu-
tion function G~, was obtained by TVeksinger (refehhce 1)
using a method introduced and appIied by Multhopp
(reference 15) to the problem of determining dow-mvaah
at a straight bound vortex. Weisainger’s method consists
of applfig the boundary conditions that the flow shall be

tangent to the plate at the tbre~uarter-chord line at a
number of span stations, then performing a numerical
integration of equation (A9) at each station. The result
is a set of simultaneous linear equatio~ iU wfich tie
unknowns m-e the values of @(T) at the span stations
chosen.

Introducing in equation (A9) the spanwise trigonometric
variables @,and @defined by

q=cos I#J,
and

;=COS 4

where b/c, is the value of b/c at span station V.
In equation (A12) let G(4) be given by the Foimier series

as

G(I#)=A=lati sin M

where

J
1 ‘r G(4) Sill w@+apl=; ~

Siice Q(@) is of interest only in the interval
~< ij/.2) then

J
2 ‘ (-l(~) Sin p@f4Ctpl=; ~

(A13)

o to a- (–1)/2<

(A14)

607

(A9)

(A1o)

hfuhhopp in reference 15 deveIops a quadrature formula
which is a simple analo=q to Gauss’ (e. g., see reference 6)
mechanical quadrature. This integration fornda is a good
choice for the functions represented by the series as given in
equation (A13) since it integrates exactly functions repre-
sented by the trigonometric series to the 2mh harmonic.
The quadrature formula is given by

(A15)

where ~= Z
nr

?n+l
j and j(qjJ is the value of j(~) at q= cos —*

m+l
Equation (M4) can be integrated by equation (Al 5) to give

(.A16)

Substitution of equation (A16) in (A13) gives the new form
of the loading-distribution function aa

where Gm=G(@J.
Then the derivative of equation (A17) is given by

(AM)

The first integral of equation (A12) containing the infinite
point can be integrated directly with the series given by
equation (A18). Using the foIlowing integral derived in
referenco 14

s‘rcos m$
d~=

T sin nf$o
o Cos +—Cos @o sin ($0

then

J

1“ @ (4)dcf)—
T 0 Cos C#-cos 4,

(A19)
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where the prime on the summation sign indicates that the
value for n=v is not summed. Physically, equation (A19)
gives the downwash angle at an i.nlinite distance down-
stream for any wing geometry. Th@ downwash angje ig_
equal to twiw the downwash angle at the quarter-chord line
for the unswept wing.

The b,. coefficient of equation (AI9) are given by the
foUowing equation:

For n=v 1

b
1

5p, sin’ p,+”“’= (m+l) sin 1#,~.l

For n+v 1 (A20)

Equation (A20) can be simplified by making the indicated
summations, With the relation

W-=rd Partof(u%ei”’)
=1+9YL Cos (?n+l)z– (?n+l) Cos mx

2(–1+ CQSX)
- (A21)

,.
and for n# v

6’
1– (–~)fi-”

“= (Cos ::–%s +,)’ 2(?n+l)

(A22)

The integration of the second integral of equation (AIz) is
done by a method simiIar tQ that used for the first iutegral,
The ~tegral of the product of the .L(&,@) function and the
terms of the trigonometric series of G’ (d) is too diffkult for
direct integration but can be done with the aid of the in-
tegration formula. This integration can be mado for an
arbitrary number of points M which can Wfcr from m.

Using a trapezoidal integration formula for tho trigono-
metric variable gives

‘here+’-&” With the definition

equation (A18) can be written in shortened form as

Applying the integration formulas of equationa (A23) and
(A25) to the second integral of equation (A12) gives

U4AOYII(40) +Ud%h+llf.(hf+l) +.gn~a.{2* [ 2 ~z(&,@,)J&J] }
P-

Equation (A26) cm be simplified as foLlows: LetjnA=jm(4p)

where jn ($J is given by equation (A24) for @=@.—~~~ ~——

and let L,u=L (@,,(#J.
Then define

1 Lofno+-kwf tw+l
9“,= — 2(M+ 1)( 2

+:1 L;pj;) (A27)

Then equation (A26) can be written

Equation (A12) can now be put in a form which allows
solution by simultaneous equations by substituting in it the
equrditiee given by equations (A19) and (A28). hkking this
substitution equation (A12) becomee

v=1,2,3, . . . m (A29)

where the prime on the summation sign indicates that the
value for n=v should not be summed.

(A2G)

Summarizing the development for the computation of
spanwise loading over the whole wing span, the loading at
m span stations is found from the simultaneous sohltion of
m equations,

a,=:,A,nQ,

v=1,2,3, . . . m

where

a“= ();, =angle of attack at span station v

A,a=2b,,+$ g- for n=v

= –2b,a+~ g,= for n# v

b,, and b,. are from equation (A22)

g,,=g,. for n=v

g,. is from equation (A27)

(A30)
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l& is obtnined from equation (A1O) for the swept wing, and

from equation (All) for the unwept wing, with T=COS ~~

and‘=cos& and where jm~ is fcom equation (A24) with

+=+p=fil.

Symmetric load distribution.-l%e computations for the
symmetrically loaded wing can be considerably reduced by
altering the preceding equations and coefticiente. For a
symmetrically loaded wing the distribution of local angle of
attack is symmetricfd about the pkme of symmetry, then

with symmetric loading, only the odd vahws of pl in equa-
tion (A13) contribute to the loading, then equation (A24)
becomes

Since the change of symmetric loading distribution with spfin
is opposite in sign from one side of the span to the other, then

JP=f=.w-f+ andf%~+=o

Furthermore, examination of equation (A32) indicates that

fn$=fm+l-w

Then for symmetric loading equation (A27) becomes

where

m+ 1
n=l. ..— 2

Y.p=2jw for n+m~

=f=,for ~=~??l

=j=P for ~#~ and JC=C

2? for n=m~ and ,IL=(

(A34)

Equation (A32] gives the vahme of fw.
For symmetric loading, with the relations given by equa-

tion (A31), equation (A29) becomes

“ m+l
v=1,2,3, . . . ~ (A35)
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(The prime on the summation sign indicates that the value
for n=v is not summed.)

where
m+l

B,,=iL+ b,,~~l-~ for n #~

=b,,
m+l

for n=~

It should be noted that the equation for& simplifies some-
what for the symmetrictiy loaded wing since, for symmetric
loading, it is necessary to consider only positi~e vahm-s of T.
Further, equation (A1O) can be -written using only positive
values of; through the following relation:

L*,P=L(q,iJ —L(q, —$ =&-&w-p

k su.mma~, the foregoing amdysis for the case of the . .
symmetrically loaded -wing gives

m+l
T

~=xa,nc%
%=1

m+l
v=1,2,3) . . . —2 (A36)

where
b

a,,=2b,,+z J,, for n=v

-------
=—2B,~+~P,. for n#v1~v,=~,.for n= v

M-1
—1

2 f L*,,
~“=2(Jl+l) PO w

~W=2fW for n#m~, P#O

=fwfor 7L=m~J jL#O

=fn,for n#~~ jL=O

=f~ for n=~j /.l=O

7??;1 #i=l,#..dd ~’ s~ P14% Cus /.@,fW’L

b,,=
m+l

4sinf#J,

B,n=
m+l

b,~+b,.~1-~ for n#r

=b,n for n=%

b
sin &

[ 1

~— (—1)”-?
“= (Cos#l%-cos #,)’ 2 (m+l)

(A37)
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+- ‘--”—
~ (%+d

JJ[ lx)1+: (w-–i,)t$Jn A + : ‘(%+7J
t “1—1 –

l+2&mA
? J

l+2~q, tan A

Vr
% —‘Cos?n+l

DEVELOPMENT OF TIiE PAEAhlETERS USED IN THE SIhiULTANEOUS
SOLUTION FOR SYMMETRIC LOADING

The
m+ 1
~ linear simultaneous equations of equation (A36)

provide means for the solution for symmetric loading for any
given symmetrical distribution. of a,. The coef%cients

()
m+l 2

a,n, which are ~ in number, are functions of the wing

b
geometric parameters of sweep angle A and the ratio ; The

principal work in a study of spanwise loading is to compute
the mm coefficients. I?or a study of a range of plan forms,
these a,. coefficients can be plottecI as functions of sweep anglc

and the ratio ~; however, ~ wiII vary spamvise due to the

taper of a wing and plots of a.,. as a function of ~ become

unwieldy for a range of plan forms. A scale factor can be
b

applied to ; such that the spanwise variation will be effec-

tively ntiified for a range of tapered wings: .
For a range of aspect ratio, the values of ~ for the out-

board half of the wing semispan, q>0,5, has maximum values
for zero tapered wings (provided the pla.n-form edges are
not concave) and for the inboard half of the wing semispan,

q<O.5, $ has maximum values for the inverse tapered

The ratio of ~ in the general case to these maximum

b
of ; provides Q geometric p~r~mcter that varies approsi.

mately as the aspect ratio.
The inverse chord distribution for SLI@l&(&lp~rC(] wings

is given by

For A=O

For h=l,5

b A(I+h)
;-2[1 – lq~(l–A)]

.

b
Tc=&”

The ratio of ~ to equations (A39) and

tively, the new geometric paramrter as

(A38)

(.439)

(A40]

(A40) gives, rcspcc-

Let H bc defined as 2/5 times the vulucs of cquatiw~ (A4 1).
The factor 2/5 is introduced to give 11 the approxitnalo
values- of a,~ to simplify plotting proco.durcs. Thm equa-
tion (A41) becomes,

Introducing the effects of compressibility mld sec~ion Iif t-
curve slope as discussed in the tcxL, cqutition (A4!2) Lwcomes
at tlhe span station v,

‘,=+(i)($) (A43)

where d, is a scale factor given by

~,=4(1–d
5

for 0.5<7,<1

=4(22~q’) for O<~,SOm5

For straigh~ta-yered yingg, equation (A43) sim~lifws to

Plots of a,. against H, in the range 17,=0 LO4, will givo
a.n coefficients for wings of any chord dist,rib ut.ion wilh
aspect ratios from O to 10 or 12.



THEORETICAL SYMMETRIC SPi4N LOADING AT SUBSONIC SPEEDS FOR WINGS EATING ARBITRARY PLAN FORXl 611

AEEODYNA311C CHARACTERISTICS FROM INTEGRATED SPANWISE
LOADING

Lift coefficient,-The wing lift coefficient is given by

J
C.=A :1

J
G~~=A ~“G(@)sin

or using the quadrature formula of equation

Q@

(A15),

For s~etric loading equation (A45) simplifies to

m—1

CL=*
(

0Y+2~G. SiIl &
.m+l n-l )

Induced drag,—The induced drag is given by

m, m-
CD,=A J;l @i) di)ti=~J,”W c@) s~ @d@

or using the quadrature formula of equation (A15),

(A45)

(A46)

(A47]

For the straight wing, m k tie ~duced angle at the one-
quarter-chord load vortex and the local-inducecI-dr~~ distribu-
tion can be found. For the swept load vortex with the break
at midspan it is not apparent how the correct induced angle
at the load vortex can be found to determine local induced
drag; however, the total induced drag of tha wing can be
found by considering the down-wash in the wake of the wing.

With the use of lIunk’s stagger theorem (reference 16)

the w-bg induced drag is given by considering the induced
angle as one-half the value of the down-wash at an infinite
distance downstream. Then a,(d) is given by one-half the
-ralue of equation (A19). Equation (A47) becomes

For symmetrically loaded -wings, equation (A48) reduces to

m+ 1

[(

C.,=% G.+, bm~,=~ ‘~—iij ‘Z#.s )
G. +

T

m-1 m+1

(

-r

)1
2 ~G, b,,G,—Z B,,G. sin d, (A49)u-1 n-l

?n+l
where ~ are subscripts, and the prime on the summation

sign indicates that the value for n= v is not summed.

lNTERPOLATIOX FUISCTIOX FOE SPA.NWISE LOADING
.

The simultaneous solutions of the linear equations given
m+l

by equation (A36) give the sparmise loading at -T wipg

semispan stations. The spanwise loading function is given
?n+l

by equation (A17) in terms of the known loading at ~

points. An interpolation function can be determined to give
values of loading between the lino~~m values and facilitate
plotting of spa.nwim loading distribution.

The spamviae loading given by equation (A13) and the
apl coefficients given by equation (Al 6) can be arranged

into the form

G(4) =m~[(sin A Sb @+sin 2A sinM+ . . . +sin mh sin m#)G,+

. .

. . .

. .

kin 4: sin ~+sin 2~m sin 24+ . . . +sin rnd~ sin rn@)G.] (A50)

The values -within the brackets can be tabulated for a given
@and the loading at @vi-ilIbe the sum of the products of the
tabulated constants and the known ~alues of G..

For symmetric loading where ordy odd values of p, are
needed equa t ion (A50) becomes Ntith m=7

.
G(d)=$ (0.3S3ti 4+0.924 Sk 31#-kO.92~s~ 54+

0.383Sill 7dI)Q,+; (0.707s~ 4+0.707 ~ 34–

0.707sin54–0.707 Sk 7+}G,+; (0.9Z4 sin @–

0.383 Skt 34–0.383 SiLI 5$+o.9~ Sk 74J)G,+
.

equation (A51) can be tabulated.

The interpolation factor, enk, viith m=7 for Symmeti.c
loading is shown by the following table:

d-~

m o.m o.S81 0.560 a 105

‘4* % %n
——

1 0.s% 0.490
2

–a m am
-. 8T5 .ns ;&y –. 0i6

.Zs –:%2 .416
: .12s -. .22% .641

. —

For symmetric loading -.

(A52)

Any type of loading coefficient other than G can be used in
C$

equation (A52), such as —.
C&
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For basic loading (CL= O), equatiori “(A46) gives

G,= –2(0.383 GI+0.707 GS+O.924 Ga) (A53)

With equation (A53), (7, can be eliminated in equation (A51)
and a shortened interpolation table for basic loading ob tained.

The interpolation factor, en~, with m=7 for symmetric
basic loading is shown by the following table:

,,, Q.%, ~ C1.*a,“~ 0:10.195

\
+“ -% $ %

n

1 0.003 0.375 O:gf –o.m
-.195 . &56

:
-. 0s1

.618 –. 62Q 1. m —.766

For-symmetric basic loading
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